It is shown that the Majorana nature of the heavy neutrinos N j having masses in the range of M j ∼ (100 − 1000) GeV and present in the TeV scale type I and inverse see-saw scenarios of neutrino mass generation, is unlikely to be observable in the currently operating and future planned accelerator experiments (including LHC) due to the existence of very strong constraints on the parameters and couplings responsible for the corresponding |∆L| = 2 processes, L being the total lepton charge. If the heavy Majorana neutrinos N j are observed and they are associated only with the type I or inverse see-saw mechanisms and no additional TeV scale "new physics", they will behave like Dirac fermions to a relatively high level of precision, being actually pseudo-Dirac particles. The observation of effects proving the Majorana nature of N j would imply that these heavy neutrinos have additional relatively strong couplings to the Standard Model particles (as, e.g. in the type III see-saw scenario), or that light neutrino masses compatible with the observations are generated by a mechanism other than see-saw (e.g., radiatively at one or two loop level) in which the heavy Majorana neutrinos N j are nevertheless involved.
Introduction
The experiments with solar, atmospheric, reactor and accelerator neutrinos [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] have provided compelling evidences for the existence of flavour neutrino oscillations [13, 14] caused by nonzero neutrino masses and neutrino mixing. These data imply the presence of neutrino mixing in the weak charged lepton current: ν lL (x) = j U lj ν jL (x), l = e, µ, τ,
where ν lL are the flavour neutrino fields, ν jL (x) is the left-handed (LH) component of the field of the neutrino ν j possessing a mass m j and U is a unitary matrix -the PontecorvoMaki-Nakagawa-Sakata (PMNS) neutrino mixing matrix [13, 14, 15] .
All compelling neutrino oscillation data can be described assuming 3-flavour neutrino mixing in vacuum. The data on the invisible decay width of the Z 0 -boson is compatible with only 3 light flavour neutrinos coupled to Z 0 (see, e.g. [16] ). The number of massive neutrinos ν j , n, can, in general, be bigger than 3, n > 3, if, for instance, there exist righthanded (RH) sterile neutrinos [15] and they mix with the LH flavour neutrinos. It follows from the existing data that at least 3 of the neutrinos ν j , say ν 1 , ν 2 , ν 3 , must be light, m 1,2,3 ∼ < 1 eV, and must have different masses, m 1 = m 2 = m 3 . At present there are no compelling experimental evidences for the existence of more than 3 light neutrinos.
As is also well known, the data on the absolute scale of neutrino masses (including the data from 3 H β-decay experiments and astrophysical observations) imply that neutrino masses are much smaller than the masses of the charged leptons and quarks. If we take as an indicative upper limit m j ∼ < 0.5 eV, we have m j /m l,q ∼ < 10 −6 , l = e, µ, τ , q = d, s, b, u, c, t. It is natural to suppose that the remarkable smallness of neutrino masses is related to the existence of new fundamental mass scale in particle physics, and thus to new physics beyond that predicted by the Standard Model.
A natural explanation of the smallness of neutrino masses is provided by the see-saw mechanism of neutrino mass generation [17] . An integral part of the simplest version of this mechanism -the so-called "type I see-saw", are the SU(2) L singlet RH neutrinos ν lR (RH neutrino fields ν lR (x)). Within the see-saw framework, the latter are assumed to possess a Majorana mass term as well as Yukawa type coupling with the Standard Model lepton and Higgs doublets ψ lL (x) and Φ(x), respectively, l = e, µ, τ . In the basis in which the Majorana mass matrix of RH neutrinos is diagonal, the Majorana mass term of the RH neutrinos has the standard form (1/2) M k N k (x) N k (x), N k (x) being the heavy Majorana neutrino field possessing a mass M k > 0. The fields N k (x) satisfy the Majorana condition CN k T (x) = ρ k N k (x), where C is the charge conjugation matrix and ρ k is a phase. When the electroweak symmetry is broken spontaneously, the neutrino Yukawa coupling generates a Dirac mass term: m 14 GeV, which is close to the scale of unification of the electroweak and strong interactions, M GU T ∼ = 2 × 10 16 GeV. In GUT theories with RH neutrinos one finds that indeed the heavy Majorana neutrinos N j naturally obtain masses which are by few to several orders of magnitude smaller than M GU T .
One can similarly obtain an effective Majorana mass term for the LH flavour neutrinos by introducing i) an SU(2) L triplet of leptons, which includes a heavy neutral lepton and has an SU(2) L × U(1) Y invariant Yukawa coupling with the Standard Model Higgs doublet Φ(x) and the lepton doublets ψ lL (x) ("type III see-saw mechanism") [19] , or ii) by introducing additional neutral SU(2) L singlet fields S βL (x) which possess a Majorana mass term and couple to the RH singlet neutrino fields ν lR ("inverse see-saw scenario") [20] .
The estimate of M j given earlier is effectively based on the assumption that the neutrino Yukawa couplings are large: |λ li | ∼ 1. The alternative possibility is to have heavy Majorana neutrino masses M j in the range of ∼ (100 − 1000) GeV, i.e. TeV scale see-saw generation of neutrino masses. This possibility has received much attention recently (see, e.g. [21] ). One of the attractive features of the TeV scale see-saw scenarios is that the heavy Majorana neutrinos N j in such scenarios have relatively low masses which makes N j accessible in the experiments at LHC. This opens up the attractive prospect of having a see-saw mechanism of neutrino mass generation which can be tested experimentally.
One of the characteristic predictions of the type I, type III and the inverse see-saw models is that both the light massive neutrinos and the heavy neutral neutrinos, which play a crucial role in these mechanisms, are Majorana particles. The Majorana nature of the light neutrinos can be revealed in the neutrinoless double beta ((ββ) 0ν -) decay experiments (see, e.g. [18, 22, 23] ). As was discussed by a large number of authors (see, e.g. [24] and the references quoted therein), the Majorana nature of the heavy neutrinos of the TeV scale seesaw mechanisms can be established, in principle, in experiments at high energy accelerators, notably at LHC.
In the present article we revisit the low-energy neutrino physics constraints on the TeV scale type I and inverse see-saw models of neutrino mass generation. We concentrate on the constraints on the parameters of these models which are associated with the non-conservation of the total lepton charge L and thus are directly related with the presence of light and heavy Majorana neutrinos in the indicated models. We discuss the possibility to test the Majorana nature of the heavy Majorana neutrinos, which are an integral part on the indicated mechanisms of neutrino mass generation, at high energy accelerators, and in particular at LHC.
See-Saw Scenarios with Two Mass Scales (M D , M R )
We consider, first, the standard type I see-saw scenario [17] , in which we extend the Standard Model (SM) by adding k "heavy" right-handed (RH) neutrino fields ν aR , a = 1, ..., k, k ≥ 2. We assume that the fields ν aR are singlets with respect to the Standard Model gauge symmetry group, that they have Yukawa couplings with the left-handed (LH) lepton doublet fields and, in the spirit of the see-saw scenario, possess a "large" Majorana mass. The neutrino mass term in the Lagrangian of the considered extension of the SM is given by:
where ν
T is the k × k Majorana mass matrix of the RH neutrinos, and M D is a 3 × k neutrino Dirac mass matrix which is generated by the matrix of neutrino Yukawa couplings after the electroweak (EW) symmetry breaking. The matrices M N and M D are complex, in general. The full neutrino mass matrix in eq. (2) can be set in a block diagonal form by the following transformation:
where Ω is a (3+k)×(3+k) unitary matrix,m ≡ diag(m 1 , m 2 , m 3 ) is a diagonal matrix with the masses of the light Majorana neutrinos,M ≡ diag(M 1 , M 2 , . . . , M k ) is a diagonal matrix containing the masses M j of the heavy Majorana neutrino mass eigenstates N j 2 . The matrix O on the left-hand side of (3) is a 3 × 3 matrix with all elements equal to zero. The same symbol is used on the right-hand side of (3) to indicate a 3 × k matrix with all null entries. The dimensions of the matrices O that appear in the block mass matrix decompositions further in the text will not be specified, but can similarly be easily deduced.
The unitary diagonalization matrix Ω can be formally expressed as the exponential of an antihermitian matrix:
where R is a 3 × k complex matrix and the second equality is obtained assuming that R is "small". This assumption will be justified below. In the case under discussion the PMNS [13, 14] neutrino mixing matrix is given by :
where
and U and U ℓ diagonalise the Majorana mass matrix m ν of the LH flavour neutrinos and the charged lepton mass matrix m ℓ , respectively:
m e , m µ and m τ being the charged lepton masses. The matrix η parametrises the deviation from unitarity of the neutrino mixing matrix (5) . In what follows we will work in the basis in which the charged lepton mass matrix is diagonal 3 . Accordingly, we set U ℓ = 1 in eq. (5). The charged current (CC) and the neutral current (NC) weak interaction couplings involving the light Majorana neutrinos χ j with definite mass m j have the form:
The charged current and the neutral current interactions of the heavy Majorana fields N j with W ± and Z 0 read:
Therefore, independently of its origin, the mixing of the heavy (RH) Majorana neutrinos with the LH flavour neutrinos is constrained by several low energy data, including (ββ) 0ν -decay [25, 26, 27, 28] . More specifically, the diagonal elements of η are constrained taking into account the lepton universality tests and the invisible decay width of the Z 0 -boson, while upper bounds on the absolute values of the off-diagonal elements of η are obtained from the existing experimental upper limits on the rates of the radiative lepton decays, ℓ i → ℓ j + γ. For singlet fields N j with masses above the EW symmetry breaking scale, i.e. bigger than ∼ 100 GeV, the resulting limits on the non-unitarity of the neutrino mixing matrix read [28, 29] :
The constraints given above allow to set upper bounds also on the couplings RV of the heavy singlet fields N j with the Standard Model W ± and charged leptons, and Z 0 and the LH active neutrinos (see (11) and (12), respectively).
We will standardly assume further that N j have masses M j ∼ > 100 GeV and that M N is "much bigger" than M D . Using eq. (4) and the expression for the see-saw neutrino mass matrix (3), we obtain the following relations at leading order in R:
Equation (14) implies that under assumptions made the matrix R is indeed "small":
We can express the light and heavy neutrino mass matrices in (15) and (16) in terms of M N and R:
The usual type I see-saw expression for the Majorana mass matrix of the LH flavour neutrinos is easily recovered from eqs. (17) and (18):
In the basis we choose to work and up to corrections ∝ RR † , the elements of the light neutrino mass matrix m ν are given by:
Using the existing upper limits on the absolute scale of neutrino masses and the data on the neutrino mixing angles, obtained in neutrino oscillation experiments, one can derive the ranges of possible values of the elements of m ν [30] . For the purpose of the present study it is sufficient to use the approximate upper bounds |(m ν ) l ′ l | 1 eV, l, l ′ = e, µ, τ . From eqs. (18) and (19) we obtain to leading order in R:
In the case of the element (m ν ) ee , the bound follows from the experimental data on the neutrinoless double beta ((ββ) 0ν -) decay [23] . In this case, in addition to the standard contribution due to the light Majorana neutrino exchange, the (ββ) 0ν -decay effective Majorana mass (m ν ) ee (see, e.g. [18, 22] ) receives a contribution from the exchange of the heavy Majorana neutrinos N k . Taking into account this contribution as well, we get [31, 32, 33] :
where F (A, M k ) is a known real (positive) function of the atomic number A of the decaying nucleus and of the mass M k of N k [31, 32, 33] . Using the fact that
T and eqs. (18) and ( 19), we obtain:
The function F (A, M k ) exhibits a rather weak dependence on A, which for the purpose of the present discussion can be neglected, and a relatively strong dependence on M k . For M k = 100 (1000) GeV, an estimate of the largest possible values of
Clearly, in the case of interest the contribution due to the exchange of the heavy Majorana neutrinos in (m ν ) ee is subdominant and can be neglected. This contribution can be relevant if, for instance, the "leading order" term is very strongly suppressed or if k (RV )
Using the upper bounds in eq. (20) and barring "accidental" cancellations or extreme fine-tuning (at the level of ∼ 10 9 , see, e.g. [36, 37] ), we get for the heavy Majorana neutrinos N k having masses M k ∼ M R ≥ 100 GeV the well-known strong constraint on the couplings of N k to the weak W ± and Z 0 bosons and charged leptons and light neutrinos:
This constraint 4 makes the heavy Majorana neutrinos N j practically unobservable even at LHC (see, e.g. [24] ).
In order for the CC and NC couplings of the heavy Majorana neutrinos N j to W ± and Z 0 , eqs. (11) and (12), to be sufficiently large so that the see-saw mechanism could be partially or completely tested in experiments at the currently operating and planned future accelerators (LHC included), the suppression implied by the inequality (20) should be due to strong mutual compensation between the terms in the sum in the left-hand side of (20) . Such cancellations arise naturally from symmetries in the lepton sector, corresponding, e.g. to the conservation of some additive lepton chargeL (see, e.g. [39, 40, 18, 41, 42] ). However, in the exact symmetry limit in this case the heavy neutrinos with definite mass and relatively large couplings to the W ± and Z 0 should be Dirac particles, which is possible for all heavy neutrinos only if the number of the RH singlet neutrino fields k is even: k = 2q, q = 1, 2, ... If their number is odd, barring again "accidental" cancellations some (odd number) of the discussed heavy Majorana neutrinos will have strongly suppressed couplings to the W ± and charged leptons and will be practically unobservable in the current and the future planned accelerator experiments. Further, the spectrum of masses of the three light neutrinos, which depends on the assumed symmetry, typically would not correspond to the observations. The correct light Majorana neutrino mass spectrum can be generated by small perturbations that violate the corresponding symmetry, leading to the non-conservation of the lepton chargê L. These perturbations split each heavy Dirac neutrino into two heavy Majorana neutrinos with close but different masses, i.e. the heavy Dirac neutrinos become heavy pseudo-Dirac neutrinos [43, 44] . The perturbations will have practically negligible effect on the couplings of the heavy Dirac states to the W ± and Z 0 . If, for instance, |(RV ) lj | ∼ 10 −3 (10 −4 ), the splitting between the masses of the two heavy Majorana neutrinos forming a pseudo-Dirac pair, as it follows from eq. (20), should satisfy roughly |∆M P D | 1 (100) MeV for masses of the order of 100 (1000) GeV. Thus, the effect of the perturbations on the low-energy phenomenology of the indicated heavy neutrino states will be essentially negligible and to a high level of precision they will behave like Dirac fermions 5 . The preceding discussion implies that the Majorana nature of the heavy Majorana neutrinos of the type I see-saw mechanism will be unobservable at LHC and the planned future accelerator experiments. If heavy neutrinos are observed and they are associated with the type I see-saw mechanism without any additional TeV scale "new physics" (e.g. in the form of Z ′ boson associated with an additional U(1) local gauge symmetry, see, e.g. [46] and references quoted therein), they will behave like Dirac fermions to a relatively high level of precision. The observation of effects proving their Majorana nature would imply that these heavy neutral leptons have additional relatively strong non-Standard Model couplings to the Standard Model particles, or that
∼ = 0 and m ν = 0 compatible with the observations arises as one and/or two loop higher order correction (see, e.g. [47, 42] ).
We will illustrate some of these conclusions/considerations with few simple examples.
The Case of a Broken Symmetry. We will consider first the case when the Majorana mass matrix for the LH flavour neutrinos m ν = 0 arises as a result of breaking of a global symmetry corresponding to the conservation of a lepton charge. In the symmetry limit one has m ν = 0.
Suppose we have two LH flavour neutrino fields ν lL , l = e, µ, and two RH neutrino fields ν aR , a = 1, 2. Let us assign a lepton charge L a to each of the two RH neutrino fields:
Suppose that the Majorana mass matrix M N in eq. (2) has the form:
We take (for concreteness) M 12 to be real and positive, M 12 > 0, and assume also that M 12 ≥ 100 GeV. The motivation for the choice made of the form of M N is that, as is well known, the matrix in eq. (24) has two eigenvalues which have equal absolute values but opposite signs. Thus, one can expect that this may lead to the requisite suppression of the sum in the left-hand side of eq. (20) . The Majorana mass term of the RH neutrinos in eq. (2) 
where ρ 1 = −1 and ρ 2 = +1 6 . They are equivalent to one heavy Dirac neutrino field 
Let us denote the elements of the Dirac mass matrix M D (see eq. (2)
We will assume for simplicity that M D is a real matrix and that |m D lk | ≪ M 12 . The Majorana mass matrix for the LH flavour neutrinos, generated by the see-saw mechanism, has the form:
The matrix of CC and NC couplings of the heavy Majorana neutrinos N 1,2 to the SM W ± and Z 0 bosons reads:
The form of m ν , eq. (28), reflects the the fact that the contributions due to N 1 and N 2 tend to cancel each other: we have, for instance, (
With |(m ν ) l ′ l | ∼ < 1 eV and M ≥ 100 GeV we indeed get, in general, |(RV ) lk | ∼ < 10 −6 , l = e, µ, k = 1, 2. The constraints under discussion on some of the elements of the matrix (RV ) (and thus on some of the couplings of N 1,2 to the W ± and Z 0 bosons) can be avoided if some of the elements of the Dirac mass matrix are sufficiently small, so that |(m ν ) l ′ l | ∼ < 1 eV is satisfied, and at the same time not all elements of (RV ) are suppressed. This possibility can be realised if, for instance, m 
. This implies that [18, 39] the theory contains one heavy Dirac neutrino N D and two massless neutrinos n 1,2 . The massless neutrino fields n 1L and n 2L are the dominant components of the LH flavour neutrino fields ν lL , l = e, µ, while the N DR and N C DR are the dominant components of the two RH neutrino fields, ν aR , a = 1, 2. For the Majorana mass matrix of the LH flavour neutrinos we have in this approximation: m ν = 0.
It should be clear that in the approximation being discussed, there are no physical (observable) effects associated with the fact that N 1,2 are Majorana particles: N 1,2 always appear in the interaction Lagrangian in the combination (N 1L + N 2L )/ √ 2 which is equivalent to a Dirac fermion. The probability of having, e.g. same sign dilepton events 7 , which would be a signature of the Majorana nature of N 1,2 , is zero. This is a consequence of the fact that the contributions of N 1 and N 2 in the amplitudes of the processes of same sign dilepton production are equal in absolute value, but have opposite signs and cancel completely each other.
Indeed, consider the process of same sign di-muon production in p−p collisions, assuming that one of the muons, say µ − , is produced together with real or virtual N 1,2 , while the second µ − originates from the decay N 1,2 → W + + µ − , with virtual or real W + (see, e.g. [24] ). The W + decays further into, e.g. two hadron jets. If in the general case of M 1 = M 2 , M 1 < M 2 , the heavy Majorana neutrino N 1 is real, the invariant mass of the two jets and the second muon should be equal to the mass of N 1 . Note that N 1,2 are not directly detected. The observation of this process with the characteristic Breit-Wigner enhancement of the cross section due to the N 1 propagator when the invariant mass of the two jets and the second muon approaches the mass of N 1 , would be a signature of the Majorana nature of N 1 . The part of the amplitude of the process under discussion, which is of interest for the purposes of the present analysis, has the form:
where p is the four momentum of the real (or virtual) N 1,2 , Γ 1,2 is the width of N 1,2 , c 2 = cos 2 θ, s 2 = sin 2 θ, where θ is the angle in V which diagonalises the RH neutrino mass matrix. In deriving eq. (30) we have taken into account the fact that the sign factors in the Majorana conditions for N 1 and N 2 are opposite: ρ 1 = −1 and ρ 2 = +1. For the width of N 1,2 one has for the ranges of masses of N 1,2 of interest [24] : (2) . We note that p 2 is equal to the square of the invariant mass of the two jets and the second muon in the final state of the process (see, e.g. [24] ). The above expression is valid for any value of the invariant mass p 2 . It should be emphasised that even when N 1 is on mass shell,
, and the second term in eq. (30) dominates due to the fact the M 2 is significantly bigger than M 1 , the contribution of the virtual N 2 (i.e., the first term in eq. (30)) is always present in the amplitude. In the specific case we are considering one has actually M 1 = M 2 , Γ 1 = Γ 2 , c 2 = s 2 = 1/2, and therefore P 1,2 = 0, as was suggested earlier. Consider next the "perturbation" of the scheme discussed by having, e.g. m 
2 , which renders these effects unobservable (e.g. at LHC). We will extend next the previous rather straightforward analysis to the case of 3 LH flavour neutrinos and three RH neutrinos ν aR , a = 1, 2, 3. Consider for simplicity a model in which one of the three light Majorana neutrinos is massless:
As a consequence of the simplifying choice made m
In this case the theory contains three massless and one massive Dirac neutrinos [39] (see also [18] 
and
The heavy neutrino mass spectrum is given by: If we assume that |(m ν ) ll ′ | ∼ < 1 eV and and that M 23 ≈ 100 GeV, we obtain the following constraint on the elements of the Dirac mass term:
There are two distinct possibilities. 
For M 23 ≈ 100 GeV, this case corresponds to exceedingly small couplings of the heavy Majorana neutrinos N 2,3 to the W ± and Z 0 : |R ℓ2,3 | ∼ < 3 × 10 −6 . As a consequence, N 2,3 will be unobservable at LHC. Hierarchical case: suppose that |m 
This choice allows to have relatively large |R ℓ2 |, |R ℓ2 | ≈ 10 −2 for M 23 ≈ 100 GeV, and thus relatively large |(RV ) ℓ2 | and |(RV ) ℓ3 |. Thus, in principle, N 2 and N 3 can be produced with sufficiently large rates at, e.g. LHC, which might allow to observe them. However, it would be hardly possible to obtain experimental evidences for their Majorana nature. Indeed, one has (RV ) ℓ2 = (RV ) ℓ3 = m D ℓ3 /( √ 2M 23 ). Therefore N 2 and N 3 couple to a given charged lepton l (neutrino ν l ) in the weak charged (neutral) current always in the combination (N 2 + N 3 )/ √ 2 = N P D . As a consequence, the magnitude of all physical effects associated with the Majorana nature of N 2 and N 3 will be determined by the mass difference M 3 − M 2 = m 3 − m 2 ∼ < 1 eV, which renders these effects unobservable in the experiments investigating the properties of the heavy neutrinos N 2,3 .
No Symmetry but m ν = 0 at Leading Order. This case has been analised in detail recently in [42] , where also the general conditions for having M D M 
In this case we have
, and thus to leading order m ν = 0. Given the assumed simple structure of M D and M N , the heavy Majorana neutrino N 1 having a mass M 11 decouples from the rest of the neutrino system, while N 2,3 couple via W ± and Z 0 to the Standard Model particles. For M 33 = 0, there does not exist a conserved lepton charge and therefore higher order (one or two loop) contributions (see, e.g. [42] ) lead to m ν = 0. Thus, this scheme does not belong to the class of see-saw scenarios (type I or inverse) which are the main subject of this study. Nevertheless, it is instructive to consider on this simple example the constraints that have to be satisfied, which are specifically related to the presence of the heavy Majorana neutrinos. It should be clear from the preceding discussion that all |∆L| = 2 Majorana type effects should vanish in the limit of M 33 = 0.
Since m ν = 0 to leading order, the constraint given in eq. (20) is not applicable and the couplings of the two heavy Majorana neutrinos N 2,3 to the W ± and Z 0 bosons can be relatively large. This in turn could lead to sufficiently large N 2,3 production rates at LHC to make the observation of the two heavy Majorana neutrinos possible. We will show that the effects associated with the Majorana nature of N 2,3 are always proportional to the difference of the masses of N 3 and N 2 , i.e. to M 33 . This is not surprising since in the limit of M 33 = 0, there is a conserved lepton charge and all observable effects related to the Majorana nature of N 2,3 disappear.
We will assume for simplicity in what follows that m 
satisfying the Majorana conditions:
, where ρ 2 = −1 and ρ 3 = +1.
In this case the angle θ of the 2 × 2 orthogonal sub-matrix of the 3 × 3 matrix V(θ) which diagonalises M N is different, in general, from π/4: we have cos 
. Given these limits we have to a good approximation M ′ 2,3 ∼ = M 2,3 . The matrix RV is given by:
For M 33 ≪ 2M 23 , we recover the scheme with a heavy pseudo-Dirac neutrino:
, and N 2,3 couple to the W ± and Z 0 bosons only in the combination N P DL ∼ = (N 2L + N 3L )/ √ 2. Consider the contribution to the (ββ) 0ν -decay effective Majorana mass due to the exchange of the two heavy Majorana neutrinos:
The function F (A, M k ) to a very good approximation can be represented as (see, e.g. [32, 33, 35, 34] 
where M a ∼ = 0.9 GeV and f (A, M k ) exhibits a weak dependence on A and very weak dependence on M k . For M k ∼ (100 − 1000) GeV of interest, the dependence of f (A, M k ) on M k is so weak [34] that can be safely neglected:
. Taking this into account we get:
The Extreme Fine-tuning Case. It is well known that the see-saw mechanism is underconstrained, namely there is an infinite set of Dirac neutrino mass matrices leading to the observed neutrino parameters. The most general Dirac neutrino mass matrix that satisfies
can be parametrized as [38] :
where Ω is an arbitrary complex orthogonal matrix. Hence, by choosing conveniently the matrix Ω, it is always possible to find a Dirac neutrino mass matrix with at least one large eigenvalue leading to the observed neutrino parameters, while keeping the right-handed neutrino masses in the range (100 − 1000) GeV. However, as we will show below, this possibility requires in general a huge tuning of parameters. Let us consider for simplicity the two-generation case. Then, the Ω-matrix can be decomposed in:
whereθ = ω − iξ is a complex parameter. Accordingly, the Dirac neutrino mass matrix can be decomposed as
Taking for definiteness ξ > 0, it follows that M D+ (M D− ) grows (decreases) exponentially with ξ. Therefore, for sufficiently large ξ it is possible to compensate the huge suppression in eq. (47) from the tiny observed neutrino masses and the light right-handed neutrino masses. Note however that M D− cannot be neglected, even though it is exponentially suppressed compared to M D+ , since the naive approximation M D ≃ M D+ leads to m ν = 0, due to Ω + Ω T + = 0. Therefore, reproducing the correct neutrino parameters requires a large amount of tuning, concretely
For instance, demanding (M D ) ij ∼ O(1 GeV) and M j ∼ O(100 GeV) requires a tuning of one part in 10 9 in order to produce a neutrino mass m i ∼ O(10 −2 eV). The fine-tuning problem of this scenario is exacerbated by the presence of radiative corrections to the see-saw parameters which usually spoil the tuning, unless the radiative corrections to the different parameters are highly correlated in such a way that the tuning is preserved. This possibility is extremely unnatural unless originated by an underlying approximate symmetry, such the one proposed before eq. (24) .
Furthermore, such light right-handed neutrinos with such large couplings can induce a rate for (ββ) 0ν -decay in conflict with the experimental constraints. The contribution from the right-handed neutrinos to the (ββ) 0ν -decay is approximated by:
where in this case
for M D ∼ O(1 GeV) and M 2 ∼ O(100 GeV). Therefore, the non-observation of the (ββ) 0ν -decay requires in this scenario a degeneracy in the right-handed neutrino masses of at least one per cent. As discussed above, the cross section for same sign di-muon production in p −p collisions is proportional to the mass difference of the right-handed neutrinos. Thus, even in this extremely fined-tuned scenario, the Majorana nature of the right-handed neutrinos will be difficult to probe at colliders.
Multiple Mass Scale See-Saw Scenarios
We will consider next versions of the see-saw scenario, in which we allow couplings of the RH neutrinos with other SM singlets that are therefore involved in the mechanism of generation of light neutrino masses. This implies the presence of more than two mass scales in the latter.
Scenario 1
Consider the following mass Lagrangian:
We have introduced an arbitrary fixed numbers of RH neutrinos ν aR and left-handed SM gauge singlets S βL . We comment on their numbers below.
In what follows we assume that the scale of M R is much bigger than the scales of m D and µ. If we assign one unit of the total lepton charge L to ν ℓL , ν aR and S βL , the terms involving the mass matrices m D and M R conserve L, while the term with µ = 0 changes L by 2 units. Thus, the µ-term breaks explicitly the U(1) symmetry associated with the lepton charge conservation. In the limit of µ = 0, there is a conserved lepton charge and the particles with definite mass are either massless or are massive Dirac fermions. Given the number of the LH flavour neutrino fields ν lL , n(ν L ), the numbers of massless and massive Dirac states depends [39] (see also [18] ) on the number of RH neutrino fields ν aR , n(ν R ), and on the number of LH singlets
there is one massless and one massive Dirac neutrinos. In the case of n(ν L ) = n(ν R ) = 3 and , e.g. n(S L ) = 1, we will have 3 massive Dirac states and one massless neutrino. In the general case the numbers of massive Dirac and massless states are given by [39] 
, the number of massless states coincides with the number of the LH flavour neutrinos. This is the case we will be interested in what follows. In this case the three massless states acquire nonzero Majorana masses when µ = 0. At the same time each massive Dirac neutrino is split into two Majorana neutrinos having different but very close masses.
In view of the above one can expect that the light neutrino Majorana mass matrix depends linearly on µ in such a way that in the limit µ → 0, the lepton charge conservation symmetry is restored and the three LH flavour neutrinos become massless. The heavy neutrino sector is given by the mixing of the fields ν aR and S βL , with relatively small mass splittings. This scenario is the well known inverse see-saw model [20, 40] .
Formally, we can derive the expressions of the light neutrino mass matrix m ν and the corresponding non unitarity mixing parameters η from expressions (17), (18) and (6), by replacing the matrices M D and M R with
We assume further that M R ≫ m D > µ. We note that the parameters in the µ term in the lagrangian (54) can be arbitrarily small because, as we have already noticed before, this is the term in the Lagrangian that breaks explicitly the lepton number. The actual scale of the µ term depends on the model considered, which at low energy is reduced to an effective field theory described by the Lagrangian (54) . This mass scale can, indirectly, affect the non-unitarity effects in the neutrino mixing as well as the couplings of the heavy singlet Majorana fields to the EW gauge bosons, due to the interplay with the other scales in the theory, namely, m D and m R in the see-saw mass formula (see eq. (58)). The full mass matrix corresponding to eq. (54) takes the form:
From eq. (17) we obtain:
Consequently, light neutrino Majorana mass matrix is given by:
The expression for the non unitary correction matrix η includes two terms:
According to the hierarchy of the mass scales that enter in the theory, the second term is the dominant one and it does not depend on the LNV parameters in µ. Therefore, it is possible to have an observable deviation from unitarity of the PMNS neutrino mixing matrix, without interfering with the tight constraints on the neutrino mass scale, m ν 1 eV, which is proportional to the "small" Majorana mass matrix µ. If we take large non-unitarity effects η ≈ 10 −4 , and right-handed fields at the scale M R ≈ 1 TeV, the lepton number breaking parameters in the lagrangian are given at the scale:
This estimate shows that if the scenario can be tested in neutrino experiments and experiments studying LFV processes (see e.g. [27] ), the generation of the µ term cannot be associated with the EW symmetry breaking. Indeed, assuming new physics at the scale Λ N P ≈ 1 TeV, a coupling of the form (1/Λ N P )H † HS L S C R (see, e.g. [50] ) implies:
It follows from the see-saw mass formula that in this case the non-unitarity effects and the couplings of the heavy neutral fermions to SM particles are respectively η ≈ 10 −11 and RV ≈ 10 −6 , which are too small to produce measurable effects in the ongoing and the planned future experiments.
Apart from the possibility of observing sizable deviations from unitarity of the light neutrino mixing in the forthcoming experiments, in this scenario the production of the Majorana SM singlets at colliders might not be suppressed. However, all lepton charge violating (LCV) processes involving the heavy singlets, which are associated with their Majorana nature, are strongly suppressed, which renders them unobservable in the current and currently planned future experiments. Therefore, the heavy Majorana singlets, even if produced with sufficiently large rates to be observable, will behave like heavy Dirac neutral singlets to a relatively high level of precision.
In order to illustrate this point, we consider for simplicity the case n(ν L ) = 2 and n(ν R ) = n(S L ) = 1. We assume all parameters in the theory to be real with positive M R and µ. The Dirac mass term is simply m
). Therefore, the non unitary part of the PMNS neutrino mixing matrix reads:
In the framework considered, the particle content of the theory is given by one massless neutrino, a light Majorana neutrino with mass m ν = µ(m D /M R ) 2 and two heavy Majorana neutrinos N 1,2 having different but close masses M 1 = M 2 of the order of M 1,2 ∼ = M R ≈ 100 ÷ 1000 GeV and a mass splitting |M 1 − M 2 | ≈ µ. The heavy Majorana neutrino fields satisfy the Majorana conditions: CN 1,2 T ≡ ρ 1,2 N 1,2 , with ρ 1 = −1 and ρ 2 = 1. In the limit µ = 0, the lepton charge symmetry is restored and the spectrum consists of two massless LH neutrinos and a Dirac heavy neutrino N D ≡ (−N 1 + N 2 )/ √ 2, with ν R ≡ N DR . Therefore, in the LCV regime (µ = 0) we have a heavy pseudo-Dirac neutrino field N P D ≡ (−N 1 +N 2 )/ √ 2 which is coupled to the EW gauge bosons via the neutrino mixing. Indeed, the heavy LH components of the two heavy Majorana fields N 1 and N 2 have the following couplings to the W ± and Z 0 bosons:
Consequently, the CC Lagrangian (11) can be cast in the form:
where ℓ = e, µ and
Therefore, similarly to the previous scenario, large production rates of the heavy Majorana neutrinos N 1,2 are possible at colliders, but LCV decays (processes) associated with their Majorana nature are strongly suppressed. Indeed, the suppression factor for the rate of the LCV decay 
Scenario 2
We consider now a variation of the previous scenario in which the source of the lepton number breaking parameter is a (small) Dirac-type mass term between the heavy singlets. The Dirac and Majorana neutrino mass matrices of this model are the following:
We assume also in this case a hierarchical mass pattern:
The neutrino mass matrix and the deviation of U PMNS from unitarity in the scheme considered are given by:
In the case considered, a large mixing between the light and heavy singlet neutrinos corresponds to a much smaller lepton number breaking scale µ ′ , which is given roughly by µ ′ ≈ m ν / |η| ≈ 10 eV. It is not difficult to prove that also in this case the lepton number non-conserving couplings of the heavy singlet neutrinos to the EW gauge bosons W ± and Z 0 are exceedingly small which makes the |∆L| = 2 effects unobservable: the couplings of interest are given approximately by m ν /( |η|M R ) and for, e.g. η ≈ 10 −9 and M R ≈ 100 GeV we have |m ν |/( |η|M R ) ≈ 10 −7 .
Avoiding the Constraints: Non-Singlet Heavy Neutrinos
The previous general argument shows that the requirement |(m ν ) ll ′ | 1 eV, l, l ′ = e, µ, τ , translates into an extremely suppressed charged and neutral current interactions of the heavy Majorana fields N j with the Standard Model charged leptons and neutrinos, unless the heavy Majorana neutrinos form a pseudo-Dirac pair. Therefore, if these interactions are the only portal to the Standard Model, the Majorana nature of the heavy neutrinos will not be detected in collider experiments: either the production cross section is highly suppressed or the heavy neutrinos behave to a high level of precision as Dirac fermions.
This result may not be valid if there exist additional TeV scale interaction terms in the Lagrangian between the heavy Majorana neutrinos and the Standard Model particles. If this is the case, the production cross section of heavy neutrinos will not necessarily be suppressed, while their charged and neutral current interactions with the Standard Model charged leptons and neutrinos can still be tiny.
One possibility is the existence of an extra U(1) local gauge symmetry, which is broken at the TeV scale and under which the Standard Model particles and the heavy (RH) neutrinos are charged (see, e.g. [46] ). In this case, the production cross section of two heavy Majorana neutrinos can be largely enhanced. At the same time, the heavy neutrinos can decay only into Standard Model particles and they can do it only through the tiny charged current and neutral current couplings. This implies that the heavy neutrinos will be relatively long-lived and thus will have a relatively large decay length which in turn will yield a characteristic displaced vertex in the detectors (see, e.g. [49] ). More importantly, if the heavy neutrinos are true Majorana particles, their production and decay will lead to events with a pair of same-sign muons in the final state. The cross section can be large enough to allow the observation of this lepton number violating process at colliders.
A second example can be found in the TeV scale type III see-saw mechanism. In this case, the heavy states form an SU(2) L triplet of leptons, L ± , L 0 , with essentially the same mass, L ± being somewhat heavier than L 0 (see, e.g. [49] ). A pair of these leptons, say L + and L 0 , can be produced in colliders via their gauge coupling to the W ± -boson. The charged heavy lepton L + can decay into µ + + Z 0 . The heavy neutral Majorana lepton L 0 has an interaction Lagrangian with the Standard Model charged leptons and neutrinos, which is similar to that given in eqs. (9) and (10) . Thus, being a Majorana particle, L 0 can decay into µ + + W − , leading to same-sign dimuon (plus 4 jets) events with observable displaced vertices of the two muons in the detectors. Detailed calculations have shown that for masses of L + and L 0 not exceeding 1000 GeV, the µ + µ + + 4 jets events can have observable rates at LHC (see, e.g. [49] ).
Conclusions
In this article we have discussed the possibility to test the Majorana nature of the heavy Majorana neutrinos N j which are an integral part of the TeV scale type I and inverse see-saw scenarios of neutrino mass generation. In the indicated TeV scale see-saw scenarios the heavy Majorana neutrinos typically have masses in the range of M j ∼ (100 − 1000) GeV. The fact that N j are Majorana particles can be revealed by observation of processes with real or virtual N j , in which the total lepton charge L changes by two units, |∆L| = 2, like p+p → µ − +µ − + 2jets+X at LHC, etc. We have shown that the physical effects associated with the Majorana nature of these heavy neutrinos N j , are so small that they are unlikely to be observable in the currently operating and future planned accelerator experiments (including LHC). This is a consequence of the existence of very strong constraints on the parameters and couplings, responsible for the corresponding |∆L| = 2 processes in which N j are involved, and/or on the couplings of N j to the weak W ± and Z 0 bosons. The constraints are related to the fact that the elements of the Majorana mass matrix of the left-handed flavour neutrinos m ν , generated by one of the indicated see-saw mechanisms, should satisfy, in general, |(m ν ) ll ′ | 1 eV, l, l ′ = e, µ, τ ; in the case of the (m ν ) ee element, the upper limit follows from the experimental searches for neutrinoless double beta ((ββ) 0ν -) decay. Even in the case of extreme fine tuning (at the level of one part in 10 9 or 10 10 ), in which the neutrino Yukawa couplings can be of order 1, the upper limit on |(m ν ) ee | obtained in the (ββ) 0ν -decay experiments implies a strong constraint on the |∆L| = 2 heavy Majorana neutrino mass splitting(s) (or masses), which makes it very difficult (if not impossible) to probe the Majorana nature of the heavy Majorana neutrinos in experiments at colliders. The simple illustrative examples we have considered suggest that if the heavy Majorana neutrinos N j are observed and they are associated with the type I or inverse see-saw mechanisms and no additional TeV scale "new physics", they will behave like Dirac fermions to a relatively high level of precision, being actually pseudo-Dirac particles. The observation of effects proving the Majorana nature of N j would imply that these heavy neutrinos have additional relatively strong couplings to the Standard Model particles (as, e.g. in the TeV scale type III see-saw scenario), or that the light neutrino masses compatible with the observations are generated by a mechanism other than the see-saw (e.g., radiatively at one or two loop level) in which the heavy singlet Majorana neutrinos N j are nevertheless involved.
The considerations presented in this article and the conclusions reached concern a rather large number of TeV scale see-saw models discussed in the literature (see, e.g. [21, 50] ).
